LOJASIEWICZ INEQUALITY OVER THE RING OF POWER 
SERIES IN TWO VARIABLES 
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Abstract. We prove a Lojasiewicz type inequality for a system of polynomial 
equations with coefficients in the ring of formal power series in two variables. 
This result is an effective version of the Strong Artin Approximation Theorem. 
From this result we deduce a bound of Artin functions of isolated singularities. 



1. Introduction 

Let (A,m) be a Noetherian complete local ring. The powers of the maximal 
ideal of A defines a metric topology on A, called the Krull topology, the norm 
being defined as 

|| z || : = e - m ^ z \ VzeA 

where ord(z) := sup{n £ N / z £ m ra } for all z £ A, z 7^ 0. This norm extends to 
A m using the max norm. 

In this paper we are interested in inequalities relating the distance to the zero set 
of a polynomial map defined over A to the values of this map. 
In the case A is a discrete valuation ring (thus a ring of dimension 1) we have the 
following result: 

Theorem 1.1. [Gr66] Let A be a complete discrete valuation ring. Let 

}{z) := (AO), /„(«)) G A[z] n , z := (z u z m ). 
Then there exist a, b > such that 

VceNVze A m such thai f(z) £ m ac+b 

Jz £ A m such that f(z) = and Zj — ~Zj £ m c , 1 < j < m. 

The case a — in Theorem 11.11 corresponds to the case / -1 (0) = 0, i.e there 
exists a constant b £ N such that there does not exists z £ A r with f(z) £ m b . In 
the case / _1 (0) ^ 0, using the norm defined before it is well known that Theorem 
II. H is equivalent to the following result: 

Theorem 1.1'. Let A be a complete discrete valuation ring. Let f(z) £ A[z] n such 
that /^(O) ^ 0. 

3a >0, C>0s.t. \\f(z)\\>Cd(f- 1 (0),z) a \lz£A m 

where 

H/0OH = max \\fi(z)\\ and (1(^(0),^)= inf ||u-Z||. 

1 ueA/f(u)=0 

l 
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Proof. Let z £ A m and let c £ N be defined by e _c = e?(/ _1 (0),z)). Then we claim 
that /(z) ^ m a(c+i)+b Indeed if it were not the case there would exist z £ A m such 
that f(z) = and Zj — ~Zj £ m c+1 , 1 < j < m, and we would get 

dCf-^O),*) < ||z- z|| < e-( c+1 ) < d(f- x (Q),-2) 

which is not possible. Thus > e -( a ( c + 1 )+ b ), i.e. 

||/(z)|| > e- a - b+1 d{f- 1 {0) 1 z) a VzeA™. 

Thus the inequality is satisfied with C — e ~ a ~ b+1 and a = a. 

On the other hand, let us assume that Theorem 1.1' is satisfied. Let z £ A m be such 
that /(z) £ m ac+b where e~ b = C. Then ||/(z)|| < Ce~ ac . Thus d(/ _1 (0),2) < e" c 
and there exists z £ A m such that f(z) = and 2j — g m c , 1 < j < m. This 
proves that Theorem 1 1.1 1 is satisfied. 

□ 

This kind of inequality is true if we replace / by a real analytic function on 
an open subset VL of W 1 and A by a compact K C ft ([L59], see |Tel2| for an 
introduction). This kind of inequality is called a Lojasiewicz inequality. We are 
interested to extend this Lojasiewicz inequality to the case A is a two-dimensional 
local complete ring or excellent Henselian local ring. We have the following analogue 
of Theorem O 

Theorem 1.2. [Ar69j[Po86j Let A be a complete local ring whose maximal ideal is 
denoted by m and let f(z) :— (fi(z), / n (z)) £ A[z] n . Then there exists a function 
j3 : N — > N such that: 

Vc £ N, Vz 1; z m G A s.t. f(z) £ m /3(c) 

3zi, z m £ A s.t. f(z) — and z~i — ~Zi £ m c 1 < i < m. 

This theorem has been been proved by M. Artin in the case A is the henselization 
of the ring of polynomials over a discrete valuation ring and by D. Popescu in the 
general case. 

Definition 1.3. The least function f3 satisfying Theorem 11.21 is called the Artin 
function of /. This is an increasing function that depends only on the ideal / := 
(fi(z), fn{z))- See |Ro06| for properties of this function. 

M. Artin raised the problem of finding estimates on the growth of Artin functions 
|Ar70| . In general they are not bounded by afihie functions as in Theorem 11.11 (in 
|Ro05| it is shown that the Artin function of z\ — z|z3 is not bounded by an affine 
function if A = k{x, yj), thus there is no Lojasiewicz inequality as in Theorem 1.1' 
in this context. But Artin's question remains widely open in general. As Theorem 
II. H is equivalent to Theorem 1.1', Theorem 1 1.21 is equivalent to the following result: 

Theorem 1.2'. Let A be a complete local ring and let /(z) £ A\z] n such that 
/ _1 (0) 7^ 0. Then there exists a increasing continuous function 7 : R>o — > K>o 
such that 7(0) = and 

wmw > 7 (dtr 1 ^),*)) vzga™ 

Proof. The proof is exactly the same as the proof that Theorem 1 1.1 1 is equivalent to 
Theorem 1.1'. We have to replace ac + b by (3(c) and 7(4) := exp (— {j (— hit + 1)) 
for any t £ ln~ (N). Since /3 may be chosen to be an increasing function, 7 is 
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increasing and may be continuously extended to a continuous friction on R>o . 
Moreover saying that 7(0) = is equivalent to say that /3(c) goes to infinity as c 
goes to infinity. 

□ 

The aim of this paper is to give an analogue to Lojasiewicz inequality when 
A = k{x, y\ and char(k) = (see Theorem I4.3[) . It asserts that the Artin function 
of / is bounded by a linear function if the approximated solutions are not too close 
to the singular locus of /. This is a generalization of the main result of [RoTO] , 
where a similar result is proven for binomials ideals. The proof is inspired by the 
proof of M. Artin of Theorem ll.2l (see |Ar69| ): we use the Weierstrass division theo- 
rem in order to divide / by a well chosen minor of the Jacobian matrix of / helping 
us to reduce the problem to the case of a system of equations with coefficients in 
Ik [2:]]. Then we use an effective version of Theorem 11.11 proven in [RoIOj . Finally 
we deduce from Theorem 14.31 that the Artin function of an isolated singularity is 
bounded by a doubly exponential function (see Corollary 14. 12p . 

I would like to thank Michel Hickel for his comments about a previous version 
of this paper. I also thank the referee for its relevant comments and remarks that 
helped to improve the presentation. 

2. Notations 

Let (A,m) be a local ring. Let us denote by ord the m-adic order on A, i.e. 
ord(z) := sup{n 6 N / z € m™}, where m is the maximal ideal of A. This order 
function defines a norm on A as follows: 

|| 2 || := e-° rd W, Vz € A. 

This is an ultrametric norm, i.e. \\z + z'\\ < max{||2||, ||z'||} since ord(z + z') > 
min{ord(z), ord(z')} for any z, z' € A. Since ord(zz') > ord(z) + ord(z'), we have 
\\ zz '\\ < INUI^'H f° r an y z i z ' <= A. We can extend this norm on A m by taking the 
maximum of the norms of the coordinates: 

||z|| :— max Vz := (zi, z m ) G A m . 

l<z<m 

This norm defines a metric on A m as follows: d(z,z') := \\z — z'\\ for any z, 

z' e A m . 

If a = (ai,...,a n ) € A n and c £ N, writing a G m c will mean ai € m c for all 
1 < i < n. 

3. Jacobian ideal 

Definition 3.1. [E173J Let A be a Noetherian ring and let fx,..., f n & A[zx, z m ]. 
Let £ be a subset of [l,rij of cardinal h. We denote by A^(/) the ideal of A[z] 

generated by the h x h minors of the Jacobian matrix ( ) (This ideal 

is zero if h > m). We define the following ideal of A[z\: 

/. :=^2A E (J)((Jt,i€E!):I) 

E 

where the sum runs over all subsets E of [1, nj. 
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Remark 3.2. Apparently this definition depends on the choice of the generators 
fx,..., f n of / and no details are given in |E173| . In most references using Elkik's 
definition nothing is said about the dependence of Hf u „t n on the choice of the 
generators either it is just said that it is easy to check that it does not depend on 
this choice. 

In fact, a prime ideal of ^1 is in the smooth locus of the scheme Spec ^^-7^ if and 
only if it does not contain Hf lt ...j n (see for example Prop. 2.13 |Sp99 or Prop. 
5.3 [PoOOj l. i.e. the smooth locus of Spec f 4*1) is Spec (^M) \V (v^A,-,/*^) • 
In particular ^ -/?/!,. ,.,/„^y^ does not depend on the presentation of the ^4-algebra 
4^1, Another definition of an ideal containing Hf u ...j n whose support is the non- 
smooth locus of Spec ^^p-^ and which is independent of the presentation of ^j£l 
over A is given in |G-R03j (Definition 5.4.1). 

Nevertheless in general the image of Hf 1 f n in 4^1 depends on the generators 

fx,..., f n as we can see in the following example: 



Example 3.3. Set A = Q[x, y, z, t], 

fx := xz, f 2 := xt, f 3 := yz, / 4 



yt 



and let / be the ideal of A generated by fx,---,f&'- I — (x,y) fl {z,t). The jacobian 
matrix of fx,--,fi is 



M 



/ 9/1 




9/3 


dh 


\ 


I & 


8l 




<)J 1 


81 


at 


3 LI 

ah 


dt 




\ 8h 


8h 

dt 


8h 

dt 


8h 

dt 


J 



( 



z t 





0^ 

z t 

x y 

V x y J 



Then det(M) = xyzt — xyzt = 0. Let us compute Hf lt ...j 4 modulo /: 

All the 3x3 minors of M are in /. Let us compute the 2x2 minors of M which 

are not in /. The only one involving fx and f% is x 2 , the only one involving f 3 and 

fi is y 2 . The only one involving fx and f 3 is z 2 , the only one involving fi and fi 

is t 2 . Those involving fx and fi and f% and fs are xy and zt. 

Now let us compute the ideals ((fi, fj) : /) modulo / for 1 < i < j < 4: 

((/i,/ 2 ) :/) = (*) mod. I 
((/i,/a):i) = (z) mod. / 
((fi, U) ■ I) = (U2J3) : I) = (xy, zt) mod. I 
((/2,/4) :I) = (t) mod. / 

((h,U):I) = (y) mod. I 
/) = modulo / for any 1 < i < 4. Thus we obtain 



Moreover the ideals ((fi) 



(x 3 ,y 3 , z 3 , t 3 , (xy) 2 , (zt) 2 ) modulo I. 



Now let us consider 

hx := x(z + t), h% '■= x(z — t), /13 := yz, hi = yt. 
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These four elements generate 7. The jacobian matrix of hi,...,h,4, is 



N := 


( 


dh x 

tt, 
dy 
dhi 


dh 2 

at 


dh 3 
By 

dK 3 


S*tl4 
f& 

a/14 




( 


Z + t 



X 


z-t 
z 
x y 


t 







fa 

dt 


dt 


S>h z 3 
dt 


ihi j 
dt ' 




\ 


X 


-x 


y J 



Let us now compute Hh\,...,hA modulo 7: 

As before det(TV) = and all the 3x3 minors of N are in 7. Let us compute the 
2x2 minors of N which are not in 7. The only one involving hi and ft. 2 is x 2 . The 
only one involving /13 and /14 is y 2 . The only ones involving h\ and /13 are xy and 
z(z + t). Those involving h^ and hi are xy and t(z — t). Those involving hi and /14 
are xy and t(z + t) and those involving hi and /13 are xy and z(z — t). 
Now let us compute the ideals ((hi, hj) : I) modulo 7 for 1 < i < j < 4: 

((fci.fca) : /) = (a?) mod. 7 
((/ill ^3) : 7) = (xy, z(z + if) mod. 7 
((/ii, hi) : I) — (xy, t(z + tj) mod. 7 
((h 2 ,h 3 ) : I) = (xy, z(z - i))mod. 7 
((/12, ^4) : -0 = (a^J/i t(z — t)) mod. 7 
((h 3 ,hi) : I) = (y) mod. 7 
Moreover : J) = modulo 7 for any 1 < i < 4. Thus we obtain 
H hu ... M = (x 3 ,y 3 , (xy) 2 , z 2 (z + t) 2 , t 2 (z + t) 2 , z 2 (z - t) 2 , t 2 (z - t) 2 ) modulo 7. 

Clearly Hh 1 h 4 C Hf x / 4 modulo 7. On the other hand z 3 £ Hf 1 f 4 + I. If 

z 3 e Hfi x hi + I then z 3 £ ll h . . +7 modulo (x,y,t). But 

Hh u ...m + 7 = (z 4 ) mod. (x, y, i) 

and z 3 ^ (z 4 ). Thus z 3 ^ i?/n h 4 + 7 and Hf lt ...j 4 ^ Hhi,...,h 4 modulo 7. 

In fact we can show more: let us denote by J the integral closure of an ideal 

J. Since H^,...^ + 7 C 77/j / 4 + 7, we have H hlw ,, ihi + I C Hf 1 ^,,,j i + 7. But 

since (2 fc ) = (z fe ) for any integer k, we see that 

We finish this section by giving some effective bounds on 77^ * that we need 
in the proof of Theorem 14.31 

Lemma 3.4. Let I be an ideal of k.fx, y\ [z\, z m ], where x and y are single 
variables, generated by polynomials fi,..., f n of degree < d. Then Hf lr ..j n is 
generated by polynomials of degree < (m + 2)((d + m + 2) m+2 d) 2 + +(m+2)(d— 1). 

Proof. The ideal Hf u „, t f n is generated by the products of one generator of the ideal 
((fi, i S E) : 7) and of one generator of A^(/). If the cardinal of E equals h, then 
Ae(/) is generated by polynomials of degree < h(d— 1). Moreover ((fi,i € E) : 7) 
is generated by polynomials of degree < (to + 2)((d + to + 2) m+2 rf) 2 '" (cf. 56 
|Se74| ). Since h < m + 2 this proves the lemma. 

□ 
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Corollary 3.5. Let I be an ideal of k[x, z m ] generated by polynomials 

/iv; fn °f degree < d. Let H be any ideal of k[x, yj[z] such that y/H + 1 = 
yHfu^Jn + I ■ Then we have 

■ II ■ 0* 'I j ./ ' / 

where 

(™i i \ min{n,m-j-l} 

(m + 2)((d + ™ + 2)" l+2 d) 2 + (ro + 2)(d-l)J 

Proof. By Theoreme 1 [Te90] we have 

Vj c J 

for any ideal J of k[x, z m ] generated by n polynomials of degree < d. We 

apply this to the ideal J := H/ li--M / n + / using Lemma[3] □ 

Remark 3.6. By Proposition 2.13 |Sp99| or Proposition 5.3 [PoOOj , we can choose 
H := y/H fu ... <fn or 

9 E 

where the first sum runs over all the sets of generators g\, ...,g s of I and the second 
sum runs over all subsets £ of [1, sj. 

Remark 3.7. We claim that there exists a constant C > 1 such that for all d > 2 

and all m > 1, e < d c . 

Indeed, for all d > 2 and m > 1, we have 

e < (2(m + 2)((i + m + 2) m+2 d) 2m+lm < (d + m + 2) 2 '" +lm ( m+5 ) < {d + m + 2f Hm+1) 

< (d + m + 2) 64 "\ 

But 

log (d + m + 2) < C*'" 1 log(d) 
for all d > 2 and m > 1 and a well chosen constant C > 0. Thus we set C := 64C" 
and the claim is proven. 

4. LOJASIEWICZ INEQUALITY WITH RESPECT TO THE KRULL TOPOLOGY 

Definition 4.1. Let I be an ideal of A[z] and let z € A m . We say /(z) € if 
and only if g(~z) £ for all g € I. 
The set I _1 (0) is defined as 

I-\0) :={zeA m /g(z)=0 Vg e I}. 



Let us recall the following result that we will used in the proof of Theorem 14.31 

Theorem 4.2. [RolOj For all m, d € N, there exists a(m, d) € Z suc/i £/ia£ /or 
an?/ / = (/i,...,/n) € k[x,z]", wit/i z = (zi,...,z m ) and a; a single variable, such 
that the total degree of fi is less or equal to d for 1 < i < n., /or all c £ N and /or 
a/Z z(x) € k[[x]] m suc/i tfiai /(x,z(a;)) € ( x )o(m,<i)(c+i) j ^ ere ea;lsfe ^ e fc[[ x ]]™ 
smc/i i/iai f(x,~z(x)) — and z(x) — z(x) € (a;) c - 

Moreover the function (m, d) i — S- a(m,d) is a polynomial function with respect to 
d whose degree is exponential in m. 

Then we can state our main theorem: 
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Theorem 4.3. Let A := k[x, y], x and y being single variables, and k be an 
infinite field. Then there exist constants Kx, K2, K3 > such that for any d > 2 
and any m > 1, for any ideal I = /„) of k[x, y, z] generated by polynomials 

of degrees less than d such that / _1 (0) 7^ 0, where z :— (zx,...,Z m ), we have the 
following inequalities: 



(1) \\m\\ > (K^zJ-^O)))^ 1 h fn ^ UJ Vz e A m \H h ]_ f jO) 

(2) \\f{m>{K 1 d{z,f-\Q))) d{w * m) VzeA m \H-\0) 
where H is any ideal of A[z] such that \J H + / = yj Hfi....j n + I . 

Remark 4.4. Both inequalities show that we have a Lojasiewicz inequality as in 
Theorem 1.1' if we consider elements z whose contact order with the singular locus 
of X :— Spec ^^7^ (i.e. oid(H(z)) where H is an ideal defining the singular locus 
of X) is bounded. 

Remark 4.5. In Theorem 14. 31 both inequalities are valid only when z ^ 7? _1 (0). 
In general we can do the following: 

Let e be an integer such that VI C /. Let fx,..., f n be generators of / and <?i,..., gi 
be generators of \fl. For any z € A n and for any i we have gf (z) £ (fx{z),..., f n (z) ) . 
Thus for any i, there exist o,-,i,..., ai, n € A such that 

g\ (z) = a^xfxiz) H h a^ n f n (z). 

Hence ord( ff f(z)) > min, ord(/ J (z)) and || 5 (z)|| e < ||/(z)||. Since f~\Q) = g-^O) 
we see that if gt,..., gi satisfy Inequality ((T|) or ((2j) then f n satisfy the same 

kind of inequality where rf(/~ 1 (0), ~z) is relaced by d(f~ 1 (0), z) e . 
In particular if / is a radical ideal and if we set X := Spec (4) , then H defines the 
singular locus of X denoted by Sing(X) which is a proper closed subset of X. Then 
we have a natural stratification of X where the first stratum is Reg(X), the regular 
locus of X, the second one is Reg(Sing(X)), the third one is Reg(Sing(Sing(X))), 
etc. On each of these strata, we can apply Theorem 14.31 Thus we see that we can 
stratify X into a finite set of locally closed subsets of X, such that on each stratum 
S we have an inequality of the form 

\\f{z)\\>(Kxd{r\Q),z)) K ^ m VzeS 

where S = /^(O) (S denotes the Zariski closure of S) and S = Svff-^O). 
By replacing H by some power of H, we may even assume that K3 = 1. 

Remark 4.6. If fx,..., f n are polynomials of degree 1 with respect to z, then the 
Artin function of / is bounded by an affine function (cf. Theoreme 3.1 (R0O6J). 
Thus such a system satisfies Theorem 1.1'. 

Remark 4.7. This theorem is not true if A is of dimension more than 2. In |Ro06| 
the following example is given: 

Let A := k[xi, X2, X3] and let / := zxZ2 — 2324. Here Hj = \J Hf — (zx, z%, Z3, Z4). 
For any c > 3, let us denote 

—(c) c —( c ) c — ( c ) c 

* j . — X-^ 5 Z>2 . — Z^ . — X1X2 Xg . 



cS 
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Then there exists z£ £ A such that ' z£ — z£ z£ G m c . Moreover it is proved in 
|Ro06| . that any solution z G A 4 of / = satisfies min {ord^ — zA} < c. Thus 

i=l,...,4 

there do not exist constants a > and b > such that ||/(z (c ^)|| > ad(z (c) , / _1 (0)) b 
for all ceN, but ||i//(z' c ')|| = e~ 2 is constant for any c. 



Remark 4.8. This theorem is still valid if A is any excellent Henselian local ring 
whose completion is k[ac, yj by Artin Approximation Theorem |Po86| . Indeed in 
this case the zero set of / in A is dense in the zero set of / in k[x, y] for the topology 
induced by the norm 1 1 . 1 1 . 



Proof of Theorem \4-S\ We begin to prove the first inequality. Let us denote by 
m := (x, y) the maximal ideal of kfx, yj. Let c £ N. Let s £ N and let z £ k[x, yj m 
such that f(z) £ m 7 for all / £ I with 

7 = 7(m, d, s, c) := a(2(m + l)s, 4mds)(c + 2s + 1) 

where a(., .) is the function of Theorem l4.2l and let us assume that Hf lt ... t f n (z) <£. m s . 
Since is generated by the elements Je/cb where 5e is a minor of the Ja- 

cobian matrix ( 5^- ) and Ue 6 G S) : I), there exists i? C 

V / i£E,l<j<m 

such that ^B(z)fc£;("z) ^ m s . In particular <5e(z) ^ m s . Let <5 denote this minor, i.e. 

S := Se- Then we remark that deg (S) < m(d — 1). 

For convenience we will assume that E = {1, q} where q < n. 

Let r := ord(<5 2 (z)) < 2(s - 1). In this case ord(fc,g(X)) < s - §. If r = then <5 2 (z) 
is invertible and /(f) e ((5 2 (z))m 7 C (<5 2 (z))m c . In this case we set z :— ~z. Then 
let us assume that S 2 (z) is not invertible. Since k is infinite, by making a linear 
change of variables in x and y, we may assume that 8 2 {z) is regular with respect to 
y and by the Weierstrass Preparation Theorem S 2 (z) =ua where u is a unit and 

a := if + ai(x)y r ~ 1 + ■ • • + a r (x) 

where di(x) £ (a;) r ' _I k[a:]|, 1 < i < r. 

Then we perform the Weierstrass division of Zi by a: 

r-l 

z~i = awi + (x)y j 



for 1 < i < m. Set 



r-l 

Zi,j (x)y J , 1 < i < m. 

3=0 



Then S 2 (z) = 5 2 (z*) mod. a and fk{z) = fk(z*) mod. a for 1 < k < 



r-l 



Let Zi t j, 1 < i < m, < j < r — 1, be new variables. Let us define z* := 

3=0 

1 < i < m, and 

A(a Zl y) := y r + aiy r_1 H ha r £ k[y, ai, a r ] 
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where 01,..., a r are new variables. Then the Euclidean division of S 2 (z*) and fi(z*) 
by A (seen as a polynomial in y) may be written as follows: 

r-1 

5 2 (z*) = A.Q + Y,Giy l 

1=0 

r-1 

fk(z*)=A.Q k +Y,Fk,W l , l<k<r 
1=0 

where Q, Q k G k[x,y, z hJ , a p ] and G h Fk,i G k[x, Zjj, a p ]. Moreover deg(/ fc (z*)) < 
dr and deg (<5 2 (z*)) < 2m(d — l)r, hence we get deg(Pfc,i) < dr — I < 2ds and 
deg (G/) < 2r7i(d — l)r — I < Amds by the following lemma: 

Lemma 4.9. Let P(A, U, V) £ k[A, U, V] where U = (C7i, f7 p ) ; A = (A u A r ) 

and V is a single variable, and set A(V) := V r + AiV r ^ 1 H h A r G k[A, V}. 

Let us consider the division of P by A with respect to V : P — AQ + R with 
deg v (R) < deg v {P)- Then deg(R) < deg(P). 

Proof of Lemma\J^ We can write P(V) := P e V e H hP with P G k[U], P e ^ 

and deg (Pj) < d — i where d :— deg (P). Then we have: 

p = p e v e - r A(v) + Pi 

with 

Pi := (Pe-l - PeA^V"- 1 + ■■■ + (P e -r - P e A r )V e ~ r + P e - r - 1 V + ■ • • + P 

where degy(Pi) < deg y(P). Moreover we see that deg (Pi) < d. Thus we obtain 
the result by induction on e :— deg y(P). □ 

Then we have 

r-1 

8 2 {z*) =^2Gi{t,Zij{x),a p (x))y l mod. (a) 

r-1 

fk(z*) = F k ,i(t,zij(x),a p (x))y l mod. (a), 1 < fc < r. 
z=o 

But <5 2 (z*) = mod. (a) thus Gi(x,Zij(x),a p (x)) = for all I. Moreover fk{z) = 
mod. (a) + m 7 , thus fk(z*) = mod. (a) + m 7 and Fk,i(x, Zij(x), a p (x)) G (x) 7 for 
all fc and Z by Remark 6.6 |BM87j. 

By Theorem I4.2[ there exist z~ij(x) E k[x]| and a p (x) € k[ir]] for all z, j and p, 
such that Gi(x,Zij(x),a p (x)) — and F k ,i{x, lij(x), a p (x)) — for all k and Z and 
~z~i t j(x) —~Zi.j(x), a p (x) — a p (x) G (x) c+2s for all i, j and p. 

Let us denote 

a := y r + a 1 (x)y r ~ 1 + • • • + a r (x) 

d-l 

Zi := aWi + 7^ Zjj (x)yi 

3=0 

for all i. It is straightforward to check that fi(z) = mod. S 2 (z) for 1 < i < r and 
~Zj(x) — ~Zj(x) £ m c+2s for 1 < j < m. 
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Since ord((5 2 (z)) = r, then we have /(f) g 8 2 (z)m c+2s ~ r . In any case we have 
f(~z) E <5 2 (z)m c . Then we use the following generalization of the Implicit Function 
Theorem: 

Theorem 4.10. |To72| Let (A, rri/i) be a complete local ring and let fi(z),..., 
f q (z) € A[z] with q < m. Let S be a q x q minor of the Jacobian matrix q^' "'z 9 \ ■ 
Let us assume that there exists z := (zi, ...,z m ) € A m such that 

/;(!) € {S{l)) 2 m L A for alll<i<q 
and for some c€ff. Then there exists z — (z±, z m ) E A m such that 

fi(z) — for all 1 < i < q, and Zj — ~z~j E (S(~z))m c A for all 1 < j < m. 



Thus ord(fc£;(z)) = ord(fc£;(z)) since — Zj E m c+2 ' s ~ r , 1 < j < m, and since 
ord(fc£(z)) < s — t; < 2s — r, hence &e(z) ^ 0. Since kE(z)fi(z) e (/i, for 
any i, we have = for 1 < i < n. 

Thus we have proved that if f(z) E m 7 and Hf 1 ^_j n (z) <jt m s , then there exists 
z E A m such that f(z) = and z — z E m c . By Theorem 14.21 there exists K such 
that a(m, d) < d K ™ for all d > 2, m > 1. Since c + 2s + 1 < (c+ l)(2s + 1) we have 
7 < b(c + 1) where 

(3) b < {2s + l){4mds) K2<m+1)s <d K ""\ Vd> 2,Vto,s > 1, 

for some constant K' large enough (the existence of K' is proven exactly as the 
existence of C in Remark l3.7p . Thus, for any d > 2, m > 1, /(z) G yl[z] n such that 
deg(/)<d: 

(4) ord(/(z)) > d ' "' " (c+l)=>- max min{ord(zi — z^)} > c. 
Hence, there exists if > such that 

Vz E A m \H h ] u (0) z max o) min{ord(z l -2 l )} > mord(g 1 /i ,... i/7tm) ord(/(z))-l. 
Thus 

||/(2)|| > QdCz,/- 1 ^))) 

Since if TOord ( H i'i,--,i'»( 2 )) = ||H/ 1: ... : /„(z)||- log(K)m , we have proved Inequality (J) 
with Ki := \ and Jf 2 := log(-fT). 



Let us prove the second inequality. Let z E A m such that H (z) <f_ m 3 and I(z) c m 7 
where 

7' = a(2{m+l)sd cm 1 Amdsd cm ){c + 2sd cm + 1), 
where C is the constant of Remark 13.71 i.e. 7' = "/(m : d,sd c , c). In particular 
VH + I(z) £ m s . Then we have ^JH + I d ° (z) <£ m sd ° m , thus (H fu ...j n +I)(z) <£. 
m sd since VTTT7 C H h ,...,/„+ I by Corollary E3] and Remark O But 
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I(z) C m 7 C m sdC , then Hf 1 ,...j n (z) (t m sdC . Thus, by the previous case (by 
replacing s by sd c ), we see that there exists z G A m such that f(z)=0 and 
z — z G m c . Moreover there exists a constant K" > such that d c m < d K for 
all d > 2 and all m > 1, thus we have 

i < d K ' msA ° m < d K ' sdK " m . 
Hence, exactly as the end of the proof of Inequality ([T]), we have 

\\f(m>{Kid{zJ-\Q))) d{w ^ m) 
for some positive constants K\ > and K 3 > independent of z. 

□ 

Example 4.11. Let f(z) 6 k[z] n and let us assume that z m € \JHf- Let ft, g 
(x, y) 2 k[a;, y] be a non-zero power series without multiple factor and let 

g(zi, Zm-i) := /(^i, z m _i, /i). 

Then we claim that the Artin function of g is bounded by an afhne function. 



Indeed, let us denote by e the order of h. By Theorem l4.3l there exists two constants 
a > and b > (depending on e and a power of z m which belongs to Hf) such 
that for any zi,..., z m -l G ^Ja:,?/] with 

(x,y) aC+b 

there exists z m -\, h € k[x, yj such that 

/(zi,...,z m _i,/i) = 
and Zj — z i; ft, — /i G (a;, y) c , Vi. 
We claim that J := {^., f^J) the Jacobian ideal of /i, contains a power of (x.y). 

Indeed, it is well known that h G \[j (see Theorem 7.1.5 [HS] for example) and 
after a linear change of coordinates we can write h = g.u where g is a Weierstrass 
polynomial in the variable y and u is a unit. Since u is a unit and J does not depend 
on the choice of cooordinates, we have \fj = \J1P where J' is the jacobian ideal of 
g. Moreover g and are coprime since g is a polynomial with no multiple factor 

and char(k) = 0. But g G yflF thus height(v / J') = 2 and a/J = = (%,y) since 
(x, y) is the only height two radical ideal of k[af, j/J. This proves that J contains a 
power of (x, y). 

Thus there exists k € N such that (x,y) k C J 2 . Let us assume that c > k + 1 and 
let us consider the equation: 

P(x,y,xi,yi) :=h(x,y) - h(xi,yi) = 

where x\ and y\ are new variables. Then 

(dh dh \ 

dx^ X,V ^dy^ X,V H = 

dP , s dP ~ 



(x,y) c [ —(x,y,x,y),—(x,y,x ) y) 
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since §£[( x >y> x >y) = ~m( x >y) and §§[( x >V> x >y) = ~%( X ^V)- Thus b y Theorem 
14 . 101 there exists afi, y-y G k[x,y] such that P{x,y,x\,y l ) = and x\{x, y) — 
x. y 1 (x,y) — y G (x,y) c ~ k . Thus the k-morphism ip defined by ip(p(x,y)) := 
p{x\{x,y),y 1 {x,y)), for all p G k[x,yj, is a k-automorphism of k[x,yj. By as- 
sumption <p(h) = h and (p(p) — p G (x, y) c ~ k for any p G kfx, yj. Let 2? := ip^ 1 ^) 
for 1 < i < m. Then 2? — Zi G (x,y) c ~ k , for 1 < i < m, and ...,z' ml h) = 0. 

This proves that Artin function of g is bounded by c i — a(c + k) + b. 

From theorem 14.31 we can find the following bound of the Artin function of an 
isolated singularity (a similar bound has been given in |RolO| for binomial ideals): 

Corollary 4.12. Let k be an infinite field. Let L = (/i,...,/ n ) be an ideal of 
k[x, y, z±, z m ] such that I C (zi, z m ). Let us assume that i?/i,...,/ n contains a 
power of the ideal (zi, z m ). Then the Artin function of I is bounded by a function 
of the form c i — > K K for some constant K > 0. 

Proof. Let A denote the ring k[x, j/]. For ~z G A m let us set D(z) := minj ord(^j). 
Let k G N such that (z) k C Hj x j m and let d G N be a bound of the degrees of 
the /i's. 

By TheorerngSl for any z G A" 1 such that D(z) < oo, if G m d 1 ( c+1 \ 
then there exists z G A" 1 such that I(z) = and z — ~z G m c A m (see Inequality (j3]) 
in the proof of Theorem I4.3[) . Let us remark that there exists a constant K > 1 
such that ci^ 1 (c + 1) < lf K for any c > 1 (this inequality is proven exactly as 
the existence of C in Remark l3.7p . 

Now let z be any element of A m such that 7(z) G m K . Then two cases may 
occur: either D(~z) > c, either Z?(z) < c. In the first case let us set Zj := for 

1 < J < "i- If -D("z) < c, then 7(z) G m d 1 i c + 1 ) by assumption on K, thus 

there exists z G A m such that 7(2) = and Zj — Zj G m c for 1 < j < m. This 
proves the corollary. □ 
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